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Abstract
This paper addresses the question of whether it can be beneficial for an optimization algorithm to
follow directions of negative curvature. Although some prior work has established convergence results
for algorithms that integrate both descent and negative curvature directions, there has not yet been
numerical evidence showing that such methods offer significant performance improvements. In this
paper, we present new frameworks for combining descent and negative curvature directions: alternating
two-step approaches and dynamic step approaches. A unique aspect of each of our frameworks is that
fixed stepsizes can be used (rather than line searches or trust regions), which makes the methods viable
for both deterministic and stochastic settings. For deterministic problems, we show that our dynamic
framework yields significant gains in performance (in terms of lower objective function values in a fixed
number of iterations) compared to a gradient descent method. We also show that while the gains offered
in a stochastic setting might be more modest, they can be notable.
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Introduction

There has been a recent surge of interest in solving nonconvex optimization problems. A prime example is the
dramatic increase in interest in the training of deep neural networks, a subject that admits very challenging
nonconvex optimization problems. Another example is the task of clustering data that arise from the union
of low dimensional subspaces. In this setting, the nonconvexity typically results from sophisticated modeling
approaches that attempt to accurately capture corruptions in the data [5, 12]. It is now widely accepted
that the design of new methods for solving nonconvex problems (at least locally) is sorely needed.
First consider deterministic optimization problems. For solving such problems, most algorithms designed
for minimizing smooth objective functions only ensure convergence to first-order stationary points, i.e.,
points at which the gradient of the objective is zero. This characterization is certainly accurate for line
search methods, which seek to reduce the objective function by searching along descent directions. Very few
researchers have designed line search (or other, such as trust region) algorithms that generate iterates that
(provably) converge to second-order stationary points. The reason for this is three-fold: (i) such methods are
more complicated and expensive, necessarily involving the computation of directions of negative curvature
when they exist; (ii) methods designed only to achieve first-order stationarity rarely get stuck at saddle
points that are first-order, but not second-order stationary [17]; and (iii) there has not been sufficient
evidence showing benefits of integrating directions of negative curvature.
For stochastic problems, the methods most commonly invoked are variants of the stochastic gradient (SG)
method. During each iteration of SG, a stochastic gradient is computed and a step opposite that direction is
2

taken to obtain the next iterate. Even for nonconvex problems, convergence guarantees (e.g., in expectation)
for SG methods to first-order stationary points have been established under reasonable assumptions; e.g.,
see [2]. In fact, SG and its variants are the current state-of-the-art for training deep neural networks. As for
methods that compute and follow negative curvature directions, it’s no surprise that such methods have not
been used or studied extensively since practical benefits have not even been shown in the deterministic case.
The main purpose of this paper is to revisit and provide new perspectives on the use of negative curvature
directions in deterministic and stochastic optimization. Whereas previous work in deterministic settings has
focused on line search and trust region methods, we focus on fixed stepsize methods that offer convergence
guarantees. For a few instances of such methods of interest, we provide theoretical convergence guarantees
and empirical evidence showing that an optimization process can benefit by following negative curvature
directions. Our focus on fixed stepsize methods is also important as it allows us to offer new strategies for
stochastic optimization where, e.g., classical line search strategies are not viable. Overall, the theme of this
paper can be summarized as the following:
In contrast to methods designed to avoid ill-effects associate with the presence of
negative curvature, our methods exploit directions of negative curvature to achieve
gains in performance.

1.1

Contributions

The contributions of our work are the following.
• For deterministic optimization, we first provide conditions on descent directions and negative curvature
directions that allow us to guarantee second-order stationarity with a simple two-step iteration with
fixed stepsizes; see §2.1. The analysis for this case reveals conditions (based on Lipschitz constants of
the gradient and Hessian functions) that guide choices for stochastic optimization as well.
• Our second method for deterministic optimization uses the two-step iteration as motivation for the
design of an adaptive choice for the direction and stepsize; see §2.2. This framework is shown to provide
a significant gain in performance (measured by achieving a lower value of the objective function) when
compared to only using a descent direction; see §2.4.
• For stochastic optimization, our first method shows that one can maintain the convergence guarantees
of a stochastic gradient method by adding an appropriately scaled negative curvature direction for a
stochastic Hessian estimate; see §3.1. This approach can be seen as refinement of that in [21], which
adds noise to each SG step.
• Our second method for stochastic optimization is an adaptation of our dynamic (deterministic) method
when stochastic gradient and Hessian estimates are involved; see §3.2. Although we are unable to
establish a convergence theory for this approach, we do illustrate some gain in performance in neural
network training; see §3.3. We view this as a first step in the design of a practical algorithm for
stochastic optimization that efficiently exploits negative curvature.
It should be obvious to the reader that computing directions of negative curvature carries an added
cost that should ultimately be taken into consideration when comparing algorithm performance. As this
is the first part in a longer investigation, we ignore such costs in this paper and merely demonstrate that
there exists a potential to have practical algorithms that explore negative curvature directions. (We remark
throughout the paper how such practical algorithms might be derived.) It is also worthwhile to mention that
some researchers argue that negative curvature in, say, the training of deep networks should not be explored.
They promote this view since some nonlinearity is introduced by the choice of activation function, and is
not a true feature of the underlying problem of interest. We disagree with this view. After all, regardless of
its origin, nonlinearity is a part of the optimization problem to be solved, and negative curvature directions
can offer the possibility of climbing “over a hill” in ways that might not otherwise be explored.
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1.2

Prior Related Work

For deterministic optimization problems, relatively little research has been directed towards the use of
negative curvature directions. Perhaps the first exception is the work in [20] in which convergence to
second-order stationary points is proved using a curvilinear search formed by descent and negative curvature
directions. In a similar vein, the work in [6] offers similar convergence properties based on using a curvilinear
search, although the primary focus was describing how a partial Cholesky factorization of the Hessian matrix
could be used to compute descent and negative curvature directions. More recently, a linear combination of
descent and negative curvature directions was used in an optimization framework to establish convergence
to second-order solutions under extremely loose assumptions [7, 8]. For further instances of work employing
negative curvature directions, see [1, 9, 10, 19]. Importantly, none of the papers above (or any others to the
best of our knowledge) have established any gain in computational performance as a result of using negative
curvature directions.
For stochastic optimization problems, there has been very little work that focuses explicitly on the use of
directions of negative curvature. For one, see [3]. Meanwhile, it has recently become clear that the nonconvex
optimization problems used to train deep neural networks have a rich and interesting landscape [4, 13].
Instead of using negative curvature to their advantage, modern methods either ignore it (e.g., the SG method
and its variants) or attempt to avoid its potential ill-effects (e.g., [4, 18]). Here, one potential ill-effect is that
the reduction in the objective function over the sequence of iterates can stall in the neighborhood of a saddle
point. This is potentially true even for a pure Newton iteration since saddle points are fixed points of such
an iteration. The work [4] aims to avoid this potentially disappointing outcome by modifying the Newton
system when computing a search direction, to promote decrease in the objective function. Although such an
approach is reasonable, one might intuitively expect better performance if directions of negative curvature
were used instead of simply avoided. In this critical respect, the methods that we propose are different from
the prior algorithms designed for stochastic optimization.

2

Deterministic Optimization

Consider the unconstrained optimization problem
min f (x)

x∈Rn

(1)

where f : Rn → R is twice continuously differentiable and bounded below. We define the gradient function
g := ∇f and Hessian function H := ∇2 f . We assume that both of these functions are Lipschitz continuous on
the path defined by the iterates computed in an algorithm, the gradient function g with Lipschitz constant
L ∈ (0, ∞) and the Hessian function H with Lipschitz constant σ ∈ (0, ∞). Given an invertible matrix
M ∈ Rn×n , its Euclidean norm condition number is written as κ(M ) = kM k2 kM −1 k2 . Given a scalar
λ ∈ R, we define (λ)− := min{0, λ}.
In the remainder of this section, we present a two-step method that is guaranteed to converge toward
second-order stationarity, as well as a dynamic approach that chooses between two types of steps at each point
based on lower bounds on objective function decrease. Both algorithms are presented in a generic manner
that offers flexibility in the ways the steps are computed. We close this section with a discussion of step
computation techniques that satisfy the conditions required for the algorithms and the results of numerical
experiments that demonstrate the gains achieved by the dynamic method on a test set of problems.

2.1

Two-Step Method

Our first method alternates between negative curvature and descent steps, and uses fixed stepsizes. (Either
can be taken first; arbitrarily, we state our algorithm and analysis in a way that involves starting with a
negative curvature step.) At a given iterate xk ∈ Rn , let λk denote the left-most eigenvalue of H(xk ). If
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λk ≥ 0 (i.e., H(xk )  0), the algorithm sets dk ← 0; otherwise, dk is computed so that
dTk H(xk )dk ≤ γλk kdk k22 < 0,
T

g(xk ) dk ≤ 0,

(2a)
(2b)

and kdk k2 ≤ θ|λk |,

(2c)

for some γ ∈ (0, 1] and θ ∈ (0, ∞). A step in this direction is then taken to obtain x̂k ← xk + βdk for some
β > 0. At this point, if g(x̂k ) = 0, then the algorithm sets ŝk ← 0; otherwise, ŝk is computed satisfying
kŝk k2
−g(x̂k )T ŝk
≥ δ and ζ ≤
≤η
kŝk k2 kg(x̂k )k2
kg(x̂k )k2

(3)

for some (δ, ζ) ∈ (0, 1] × (0, 1] and η ∈ [1, ∞). The iteration ends by taking a step along this direction to
obtain xk+1 ← x̂k + αŝk ≡ xk + αŝk + βdk for some α > 0. It is worthwhile to remark that (2) and (3) are
satisfiable; e.g., if ŝk = −g(xk ) and dk is an eigenvector corresponding to the leftmost eigenvalue λk scaled
so that g(xk )T dk ≤ 0 and kdk k2 = |λk |, then (2) and (3) are satisfied with γ = θ = δ = ζ = η = 1. For
further remarks on step computation techniques, see §2.3.
Algorithm 1 Two-Step Method
Require: α ∈ (0, (2δζ)/(Lη 2 )) and β ∈ (0, (3γ)/(σθ))
1: for k ∈ N do
2:
set dk satisfying (2) (or dk ← 0 if λk ≥ 0)
3:
set ŝk satisfying (3) (or ŝk ← 0 if g(x̂k ) = 0)
4:
if dk = ŝk = 0, then return xk
5:
set xk+1 ← xk + αŝk + βdk
6: end for
We now show that Algorithm 1 converges to second-order stationarity. Critical for this analysis are
bounds on the constants (α, β), which are stated in the algorithm. For the analysis, it is convenient to define
D := {k ∈ N : dk 6= 0} ≡ {k ∈ N : λk < 0}
along with the indicator function ID (k), which takes the value 1 if k ∈ D and is 0 otherwise.
Theorem 1. If Algorithm 1 terminates finitely in iteration k ∈ N, then g(xk ) = 0 and λk ≥ 0, so xk is
second-order stationary. Otherwise, the computed iterates satisfy
lim kg(xk )k2 = 0 and lim inf λk ≥ 0.

k→∞

k→∞

(4)

Proof. Algorithm 1 terminates finitely only if, for some k ∈ N, dk = ŝk = 0. This can only occur if λk ≥ 0
and, since then dk = 0 yields x̂k = xk , if g(xk ) = 0. These represent the desired conclusions for this case.
Otherwise, if Algorithm 1 does not terminate finitely, consider arbitrary k ∈ N. If k ∈
/ D, then dk = 0 and
x̂k = xk , meaning that f (x̂k ) = f (xk ). Otherwise, if k ∈ D, then dk 6= 0 and λk < 0, and, by (2), we have
f (x̂k ) ≤ f (xk ) + g(xk )T (βdk ) + 21 (βdk )T H(xk )(βdk ) + 16 σkβdk k32
≤ f (xk ) + 12 β 2 γλk kdk k22 + 16 σβ 3 θ3 |λk |3

= f (xk ) − 12 β 2 θ2 γ − 13 σβθ |λk |3
= f (xk ) − c1 (β)|λk |3 ,

where c1 (β) := 12 β 2 θ2 γ − 13 σβθ ∈ (0, ∞). Then,
f (xk+1 ) ≤ f (x̂k ) + g(x̂k )T (αŝk ) + 12 Lkαŝk k22
≤ f (x̂k ) − αδζkg(x̂k )k22 + 12 Lα2 η 2 kg(x̂k )k22
= f (x̂k ) − α(δζ − 21 Lαη 2 )kg(x̂k )k22
= f (x̂k ) − c2 (α)kg(x̂k )k22 ,
5

where c2 (α) := α(δζ − 12 Lαη 2 ) ∈ (0, ∞). Overall,
f (xk+1 ) ≤ f (xk ) − ID (k)c1 (β)|λk |3 − c2 (α)kg(x̂k )k22 .
Now observe that, for any ` ∈ N,
f (x0 ) − f (x`+1 ) =

`
X

(f (xk ) − f (xk+1 )) ≥

k=0

` 
X


ID (k)c1 (β)|λk |3 + c2 (α)kg(x̂k )k22 .

k=0

This inequality and f being bounded below show that
∞
X

|λk |3 ≡

k=0,k∈D

and

∞
X

|(λk )− |3 < ∞

(5a)

kg(x̂k )k22 < ∞.

(5b)

k=0
∞
X
k=0

The latter bound yields
lim kg(x̂k )k2 = 0,

(6)

k→∞

while the former bound yields
∞
X

kx̂k − xk k32 = β 3

k=0

∞
X

kdk k32 ≤ β 3 θ3

k=0

∞
X

|(λk )− |3 < ∞,

k=0

from which it follows that
lim kx̂k − xk k2 = 0.

k→∞

(7)

It follows from Lipschitz continuity of g, (6), and (7) that
0 ≤ lim sup kg(xk )k2
k→∞

= lim sup kg(xk ) − g(x̂k ) + g(x̂k )k2
k→∞

≤ lim sup kg(xk ) − g(x̂k )k2 + lim sup kg(x̂k )k2
k→∞

k→∞

≤ L lim sup kxk − x̂k k2 + lim sup kg(x̂k )k2 = 0,
k→∞

k→∞

which implies the first limit in (4). Finally, in order to derive a contradiction, suppose that lim inf k→∞ λk < 0,
meaning that there exists some  > 0 and an infinite index set K ⊆ D such that λk ≤ − for all k ∈ K. This
implies that
∞
X
X
X
|(λk )− |3 ≥
|(λk )− |3 ≥
3 = ∞,
k=0

k∈K

k∈K

contradicting (5a). This yields the second limit in (4).
There are two potential weaknesses of this two-step approach. First, it simply alternates back-and-forth
between descent and negative curvature directions, which might not always lead to the most productive step
from each point. Second, even though our analysis holds for all stepsizes α and β in the intervals provided in
Algorithm 1, the algorithm might suffer from poor performance in practice if these values are chosen poorly.
In the next section, we present a method that addresses these two weaknesses.
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2.2

Dynamic Method

In this section, we present an alternative to our two-step method that overcomes the weaknesses described
in the end of §2.1 by incorporating a dynamic choice for the search direction.
Suppose that, in iteration k ∈ N whenever λk < 0, one computes a nonzero direction of negative curvature
satisfying (2a)–(2b) for γ ∈ (0, 1]. Suppose also that, if g(xk ) 6= 0, one computes a nonzero direction sk
satisfying the first condition in (3), namely, for δ ∈ (0, 1],
−g(xk )T sk ≥ δksk k2 kg(xk )k2 .

(3’)

Defining, for (Lk , σk ) ∈ (0, ∞)2 , the model reductions
ms,k (α) := −αg(xk )T sk − 12 Lk α2 ksk k22 and
md,k (β) := −βg(xk )T dk − 12 β 2 dTk H(xk )dk −

σk 3
3
6 β kdk k2 ,

ones finds that, if Lk ≥ L and σk ≥ σ, then
f (xk + αsk ) ≤ f (xk ) − ms,k (α) and

(8a)

f (xk + βdk ) ≤ f (xk ) − md,k (β).

(8b)

These two inequalities suggest that, during iteration k, one could choose which of the two steps (sk or dk )
to take based on which model reduction predicts the larger decrease in the objective. One can verify that
the reductions ms,k and md,k are maximized (over the positive real numbers) by


p
2 − 2σ kd k3 g(x )T d
−c
+
c
T
k
k
k
k
k
2
k
−g(xk ) sk
(9)
and βk :=
,
αk :=
Lk ksk k22
σk kdk k32
where ck := dTk H(xk )dk is the curvature along dk .
Algorithm 2, stated below, follows this dynamic strategy of choosing between sk and dk for all k ∈ N. It
also involves dynamic updates for Lipschitz constant estimates, represented in iteration k by Lk and σk . In
this deterministic setting, a step is only taken if it yields an objective function decrease. Otherwise, a null
step is effectively taken and a Lipschitz constant estimate is increased.
In the next two results, we establish that Algorithm 2 is well-defined and that it has convergence guarantees on par with Algorithm 1 (recall Theorem 1).
Lemma 2. Algorithm 2 is well defined, i.e., either it finitely terminates or generates infinitely many iterates.
Proof. During iteration k ∈ N, Algorithm 2 might finitely terminate. If it does not, then it enters the main
loop. If that loop were never to terminate, then the updates to Lk and/or σk would cause at least one of
them to become arbitrarily large. Since (8a) holds for sufficiently large Lk , and (8b) holds for sufficiently
large σk , it follows that the loop must terminate eventually, thus proving the result.
Theorem 3. If Algorithm 2 terminates finitely in iteration k ∈ N, then g(xk ) = 0 and λk ≥ 0, so xk is
second-order stationary. Otherwise, the computed iterates satisfy
lim kg(xk )k2 = 0 and lim inf λk ≥ 0.

k→∞

k→∞

(10)

Proof. Algorithm 2 terminates finitely only if, for some k ∈ N, dk = sk = 0. This can only occur if λk ≥ 0
and g(xk ) = 0, which represent the desired conclusions for this case. Otherwise, Algorithm 2 does not
terminate finitely and one can proceed as follows.
Consider arbitrary k ∈ N. If sk 6= 0, then the definition of αk in (9) and the condition on sk in (3’)
ensure that

2
1
g(xk )T sk
δ2
ms,k (αk ) =
≥
kg(xk )k22 .
(11)
2Lk
ksk k2
2Lk
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Algorithm 2 Dynamic Method
Require: ηc ∈ (0, 1], ηe ∈ (1, ∞), (L0 , σ0 ) ∈ (0, ∞)2
1: for k ∈ N do
2:
set dk satisfying (2a)–(2b) (or dk ← 0 if λk ≥ 0)
3:
set sk satisfying (3’) (or sk ← 0 if g(xk ) = 0)
4:
if dk = sk = 0, then return xk
5:
loop
6:
compute αk > 0 and βk > 0 from (9)
7:
if ms,k (αk ) ≥ md,k (βk ) then
8:
if (8a) holds then
9:
set xk+1 ← xk + αk sk
10:
set Lk ← ηc Lk
11:
exit loop
12:
else
13:
set Lk ← ηe Lk
14:
end if
15:
else
16:
if (8b) holds then
17:
set xk+1 ← xk + βk dk
18:
set σk ← ηc σk
19:
exit loop
20:
else
21:
set σk ← ηe σk
22:
end if
23:
end if
24:
end loop
25: end for
Similarly, if dk 6= 0, then by the fact that βk maximizes md,k (β) over β > 0, (2a)–(2b), and the use of the
auxiliary stepsize β̂k := −2dTk H(xk )dk /(σk kdk k32 ) > 0, one finds
md,k (βk ) ≥ md,k (β̂k )
≥ − 21 β̂k2 dTk H(xk )dk − 16 σk β̂k3 kdk k32
=−

2 γ3
2 (dTk H(xk )dk )3
≥
|λk |3 .
3
σk2 kdk k62
3 σk2

One can extend this inequality to all cases (i.e., not only when dk 6= 0), via the inequality
md,k (βk ) ≥

2 γ3
|(λk )− |3 for all k ∈ N.
3 σk2

(12)

Overall, it follows that for all k ∈ N:

f (xk ) − f (xk+1 ) ≥ max


δ2
2 γ3
3
kg(xk )k22 ,
|(λ
)
|
.
k −
2Lk
3 σk2

(13)

Indeed, to show (13) holds, let us consider two cases. First, suppose that the update xk+1 ← xk + αk sk is
completed, meaning that (8a) and ms,k (αk ) ≥ md,k (βk ) both hold. Combining these facts with (11) and (12)
establishes (13) in this case. Second, suppose that xk+1 ← xk + βk dk is completed, meaning that (8b) and
ms,k (αk ) < md,k (βk ) both hold. Combining these facts with (11) and (12) establishes (13) in this case.
Thus, (13) holds for k ∈ N.
8

It now follows from (13) and a proof similar to that used in Theorem 1 (to establish (5a) and (5b)) that
∞
X

kg(xk )k22 < ∞ and

k=1

∞
X

|(λk )− | < ∞.

k=1

One may now go about establishing the desired results in (10) by using the same arguments as used early
in the proof of Theorem 1.
Let us add a few remarks about Algorithm 2.
• Our convergence theory allows ηc = 1, in which case the Lipschitz constant estimates are monotonically
increasing. In Algorithm 2, we allow ηc < 1 since this often yields better results in practice.
• If the Lipschitz constants L and σ for ∇f and ∇2 f , respectively, are known, then one could simply set
Lk = L and σk = σ during each iteration; in this case, the loop would not actually be needed. Although
this would simplify the presentation, it would generally result in more iterations being required to
obtain (approximate) first- and/or second-order stationarity. However, if the cost of evaluating f is
substantial, then such static parameters might work well.
• Each time through the loop, condition (8a) or (8b) is tested, but not both, since this would require an
extra evaluation of f . If the cost of evaluating the objective function is not a concern, then one could
choose between the two steps based on actual objective function decrease rather than model decrease.

2.3

Step Computation Techniques

There is flexibility in the ways in which the steps dk and sk (or ŝk ) are computed in order to satisfy the
desired conditions (in (2) and (3)/(3’)). For example, sk might be the steepest descent direction −g(xk ),
for which (3) holds with δ = ζ = η = 1. Another option, with a symmetric positive definite Bk ∈ Rn×n
that has κ(Bk ) ≤ δ −1 with a spectrum falling in [ζ, η], is to compute sk as the (quasi-) Newton direction
−Bk−1 g(xk ). A particularly attractive option for certain applications (when Hessian-vector products are
readily computed) is to compute sk via a Newton-CG routine with safeguards that terminate the iteration
before a CG iterate is computed that violates (3) for prescribed (δ, ζ, η).
There are multiple ways to compute the negative curvature direction. In theory, the most straightforward
approach is to set dk = ±vk , where vk is a leftmost eigenvector of H(xk ). With this choice, it follows that
dTk H(xk )dk = λk kdk k2 , meaning that (2a) is satisfied, and one can choose the sign of dk (i.e., ±1) to ensure
that (2b) holds. A second approach for large-scale settings (i.e., when n is large) is to compute dk via
matrix-free Lanczos iterations [15]. Such an approach can produce a direction dk satisfying (2a), which can
then be scaled by ±1 to yield (2b).

2.4

Numerical Results

In this section, we demonstrate that there can be practical benefits of following directions of negative
curvature if one follows the dynamic approach of Algorithm 2. To do this, we wrote an implementation
of the algorithm in Python 2.7.13 that, for all k ∈ N, computes sk = −g(xk ) and dk = ±vk (recall §2.3).
Our test problems include a subset of the CUTEst collection [11]. The particular subset of problems was
obtained as follows. First, we selected all of the unconstrained problems with number of variables n ≤ 2500.
Second, we ran Algorithm 2 on this subset for 100 iterations and only kept those for which at least one
direction of negative curvature was used. This process left us with the 26 test problems listed under the
column “Problem” in Table 1.
Using this test set, we evaluated two variants of Algorithm 2: (i) a version in which the if condition
in Step 7 is always presumed to test true so that the descent step sk is chosen for all k ∈ N (which we
refer to as Algorithm 2(sk )), and (ii) a version that, as in our formal statement of the algorithm, chooses
between descent and negative curvature steps for each k ∈ N (which we refer to as Algorithm 2(sk , dk )).
For both algorithms, we terminate when the iteration limit of 100 is reached, a high-accuracy approximate
first-order point xk is reached satisfying kg(xk )k2 ≤ 10−10 , or a stepsize below 10−20 is computed. Such
9

tight tolerances are chosen to allow both variants to reach the iteration limit on nearly all problems. In
fact, Algorithm 2(sk ) terminates early only on problem HIMMELBB (due to obtaining an approximate
first-order stationary point), while Algorithm 2(sk , dk ) terminates early only on problems DENSCHNE,
HIMMELBB, and STRATEC (with approximate first-order points for the former two problems and a
small stepsize for the latter). We report in Table 1 the final value of the objective (“f -final”) as well as the
total number of evaluations of the objective (“#f ”) for each test problem and both variants.
Table 1: Results on a subset of the CUTEST test problems. For both variants of Algorithm 2, the final value
of the objective function (“f -final”) and the number of objective function evaluations (“#f ”) are provided
after running up to 100 iterations.
Problem
BEALE
BIGGS6
CHNROSNB
CHNRSNBM
CUBE
DENSCHNE
DJTL
ERRINROS
FLETCHCR
GENROSE
HAIRY
HEART6LS
HEART8LS
HIMMELBB
HUMPS
HYDC20LS
LOGHAIRY
MEYER3
OSBORNEB
PARKCH
PENALTY2
PENALTY3
SINEVAL
STRATEC
VIBRBEAM
WATSON

Algorithm 2 (sk )
f -final
#f
4.3351e-04
204
2.7346e-01
204
4.3505e+01
205
3.9720e+01
205
1.6139e-01
205
9.9929e-01
202
-8.2292e+03
212
4.1066e+01
206
9.8597e+02
207
3.0485e+02
207
5.0381e+01
205
3.5758e+01
207
2.1118e+00
206
1.2906e-19
72
1.0296e+01
204
7.3906e+05
215
6.1802e+00
200
6.9773e+06
220
3.3387e-01
205
2.1029e+03
211
4.7116e+13
209
1.7627e+06
210
4.8349e+00
207
2.6898e+03
210
5.9990e+03
223
8.7542e-02
206

Algorithm 2 (sk , dk )
f -final
#f
3.6128e-04
205
7.5567e-02
202
3.7360e+01
206
3.3355e+01
208
1.4405e-01
208
1.4929e-21
141
-8.0318e+03
216
4.1082e+01
208
9.8282e+02
208
2.9297e+02
208
2.0166e+01
214
1.7318e+00
211
1.1145e+00
210
8.9750e-20
75
2.3886e+00
210
5.3975e+05
225
5.9037e+00
199
2.8843e+07
229
1.5024e-01
201
1.9788e+03
215
3.6793e+13
232
4.0213e+04
210
3.1400e+00
209
-7.7360e+08
159
1.2379e+03
244
8.3212e-02
207

We can see in Table 1 that Algorithm 2(sk , dk ) achieves a lower objective function on 23 of the 26 test
problems. Importantly, it can also be observed that these gains in performance are generally not accompanied
by any significant increase in the total number of evaluations of f , and in some instances (e.g., DENSCHNE
and STRATEC) we can even see a significant reduction. Overall, these results clearly show that a judicious
use of directions of negative curvature can improve practical performance.

3

Stochastic Optimization

Let us now consider the problem to minimize a twice continuously differentiable and bounded below objective
function f : Rn → R defined by the expectation, in terms of the distribution of a random variable ξ with
domain Ξ, of a stochastic function F : Rn × Ξ → R, namely,
min f (x), where f (x) := Eξ [F (x, ξ)].

x∈Rn

(14)

In this context, we expect that, at an iterate xk , one can only compute stochastic gradient and Hessian
estimates. We do not claim that we are able to prove convergence guarantees to second-order stationary
points as in the deterministic case. That said, we are able to present a two-step method with convergence
guarantees to first-order stationarity whose structure motivates a dynamic method that we show can offer
strong practical performance.
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3.1

Two-Step Method (SG-type with “Smart” Noise)

At an iterate xk , let ξk be a random variable representing a seed for generating a vector sk ∈ Rn and a
symmetric matrix Hk ∈ Rn×n . For example, if f is the expected function value over inputs from a dataset,
then ξk might represent sets of points randomly drawn from the dataset. The vector sk is required to satisfy
−g(xk )T Eξk [sk ] ≥ δkg(xk )k22 ,
ζkg(xk )k2 ≤ Eξk [ksk k2 ] ≤ ηkg(xk )k2 , and
Eξk [ksk k22 ]

≤ Ms1 +

Ms2 kg(xk )k22 ,

(15a)
(15b)
(15c)

for some (δ, ζ) ∈ (0, 1] × (0, 1], η ∈ [1, ∞), and (Ms1 , Ms2 ) ∈ (0, ∞) × (1, ∞). For example, these conditions
are satisfied if sk is an unbiased estimate of ∇f (xk ) with second moment bounded as in (15c). On the other
hand, for simplicity, let us assume that Hk is an unbiased Hessian estimate such that Eξk [Hk ] = ∇2 f (xk ).
We use Hk to compute a direction dk . For the purpose of ideally following a direction of negative curvature
(for the true Hessian), we ask that dk satisfies a curvature condition similar to that used in the deterministic
setting. Importantly, however, the second moment of dk must be bounded similar to that of sk above.
Overall, with λk being the left-most eigenvalue of Hk , we set dk ← 0 if λk ≥ 0, and otherwise require the
direction dk to satisfy
dTk Hk dk ≤ γλk kdk k22 < 0 given Hk
and

Eξk [kdk k22 ]

≤ Md1 +

Md2 kg(xk )k22

(16a)
(16b)

for some γ ∈ (0, 1] and and (Md1 , Md2 ) ∈ (0, ∞) × (1, ∞). One manner in which these conditions can be
satisfied is to compute dk as an eigenvector corresponding to the left-most eigenvalue λk , scaled such that
kdk k22 is bounded above in proportion to ksk k22 where sk satisfies (15).
Note that our conditions in (16) do not involve expected descent with respect to the true gradient at
xk . This can be viewed in contrast to (2), which involves (2b). The reason for this is that, in a practical
setting, such a condition might not be enforceable. Instead, without this restriction, a critical component of
our algorithm is the generation of an independent random scalar ωk uniformly distributed in [−1, 1]. With
this choice, we have E[ωk dk ] = 0 such that, ultimately, ωk dk is merely a “smart” choice for adding noise to
sk in a manner that ideally follows a negative curvature direction. This leads to Algorithm 3 below.
Algorithm 3 Two-Step Method
Require: choose {αk } ⊂ R++ and {βk } ⊂ R++
1: for k ∈ N do
2:
set sk satisfying (15)
3:
set dk satisfying (16)
4:
set ωk uniformly in [−1, 1]
5:
set xk+1 ← xk + αk sk + βk ωk dk
6: end for
We claim that Algorithm 3 maintains the convergence guarantees of a standard stochastic gradient (SG)
method. To support this claim, let us first prove the following lemma.
Lemma 4. There exist positive scalar constants (ρ1 , ρ2 , ρ3 , ρ4 ) such that, for all k ∈ N,
E(ξk ,ωk ) [f (xk+1 )] − f (xk ) ≤ −(δαk − ρ1 αk2 − ρ2 βk2 )kg(xk )k22 + ρ3 αk2 + ρ4 βk2 .
Proof. From Lipschitz continuity of g, it follows that
f (xk+1 ) − f (xk ) = f (xk + αk sk + βk ωk dk ) − f (xk )
≤ g(xk )T (αk sk + βk ωk dk ) + 21 Lkαk sk + βk ωk dk k22 .
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Taking expectations with respect to the distribution of (ξk , ωk ) and using (15)–(16), it follows that
E(ξk ,ωk ) [f (xk+1 )] − f (xk ) ≤ g(xk )T (αk Eξk [sk ] + βk E(ξk ,ωk ) [ωk dk ])
+ 12 L(αk2 Eξk [ksk k22 ] + βk2 E(ξk ,ωk ) E[kωk dk k22 ])
+ Lαk βk E(ξk ,ωk ) [sTk (ωk dk )]
≤ − αk δkg(xk )k22
+ 21 Lαk2 (Ms1 + Ms2 kg(xk )k22 )
+ 61 Lβk2 (Md1 + Md2 kg(xk )k22 ).
Rearranging, we reach the desired conclusion.
From this lemma, we obtain a critical bound similar to one that can be shown for a generic SG method;
e.g., see Lemma 4.4 in [2]. Hence, following analyses such as that in [2], one can show that the total
expectation for the gap between f (xk ) and a lower bound for f decreases to some finite threshold (if fixed
stepsizes are used) or vanishes completely (if, say, αk = O(1/k) and βk = O(1/k) with βk ≤ χαk for some
constant χ ∈ (0, ∞) for all k ∈ N).

3.2

Dynamic Method

Borrowing ideas from the dynamic (deterministic) method in §2.2 and the two-step (stochastic) method
in §3.1, we propose the following method. Note that, in the models ms,k and md,k as well as in (9), the
method uses gk and Hk in place of g(xk ) and H(xk ), respectively.
Algorithm 4 Dynamic Method
Require: (L0 , σ0 ) ∈ (0, ∞)2
1: for k ∈ N do
2:
generate a stochastic gradient gk and Hessian Hk
3:
set sk satisfying (15)
4:
set dk satisfying (16) and gkT dk ≤ 0
5:
compute αk > 0 and βk > 0 from (9)
6:
if ms,k (αk ) ≥ md,k (βk ) then
7:
set xk+1 ← xk + αk sk
8:
choose Lk+1 and set σk+1 ← σk
9:
else
10:
set xk+1 ← xk + βk dk
11:
choose σk+1 and set Lk+1 ← Lk
12:
end if
13: end for
An aspect of the algorithm left unspecified is the manner in which the Lipschitz constant estimates are
updated. One possibility, as used in our experiments for the next subsection, is to increase/decrease an
estimate depending on increase/decrease observed in stochastic function estimates.

3.3

Numerical Experiments

In this section, we demonstrate practical benefits of following negative curvature directions in a stochastic
setting. The improvements are somewhat more modest than seen in §2.4, but are still notable. For our
experiments, we consider the training of a fully connected neural network with one hidden layer and squared
`2 -norm loss function. The network is defined by x(j) = s(Wj x(j−1) + bj ) for j ∈ {1, 2} with componentwise
sigmoid activation s. We trained the network over the first 103 elements in each of the well-known mnist
and cifar-10 datasets; see [16] and [14].
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We experimented with our dynamic method, Algorithm 4, where stochastic gradient and Hessian estimates were computed using mini-batches of size 100. In each iteration, the stochastic gradient and Hessian
were computed using the same mini-batch. In order to demonstrate the full potential benefits of exploring
negative curvature directions, the eigenvector corresponding to the leftmost eigenvalue of each stochastic
Hessian estimate was computed with high accuracy. It should be noted, however, that in a practical implementation one could employ an iterative method that only requires (stochastic) Hessian-vector products,
which are known to be relatively inexpensive for problems of the type considered here; e.g., see [2].
We ran each algorithm instance for 2000 iterations (i.e., 20 epochs) and compare the results based on
the training losses obtained. The Lipschitz constant estimates were initialized for both datasets at L0 = 50
and σ0 = 5. We chose to set Lk+1 ≥ Lk and σk+1 ≥ σk for all k ∈ N, using an increase factor of ηe = 2
whenever the training loss evaluated over the mini-batch used in iteration k decreased.
The training losses as a function of the iteration counter are shown in Figure 1 with the final losses (at
iteration k = 2000) listed in Table 2. As can be seen in the plots, considering the exploration of negative
curvature allows the algorithm to achieve lower training losses more quickly, and the gap between the losses
continues to widen as the algorithm proceeds. At some point, the curves should be expected to reconnect
as a minimizer is reached (assuming the algorithms reach comparable objective values), but such initial
improvement has the potential to be beneficial.

Figure 1: Training losses as a function of k (i.e., the iterations) when training a fully connected neural
network over data in mnist (left) and cifar-10 (right) using an SG-type method (“SG”) and one that
explores negative curvature (“NC”).

Table 2: Results on training a fully connected neural network with one hidden layer. The final value of the
training loss (“loss”) is provided after running 2000 iterations.
Problem
cifar-10
mnist

4

Algorithm 4(sk )
f -final
2.2144e+00
1.5493e+00

Algorithm 4(sk , dk )
f -final
2.1986e+00
1.4334e+00

Conclusion

We have shown that the computation and careful use of negative curvature directions allow optimization
methods to achieve theoretical convergence guarantees (even to second-order stationarity) and, potentially,
gains in practical performance in deterministic and stochastic settings.
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